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Abstract
We construct bosonic string theories, RNS string theories and heterotic string the-
ories on flat supermanifolds. For these string theories, we show cancellations of the
central charges and modular invariance. Bosonic string theories on supermanifolds
have dimensions (DB, DF ) = (26, 0), (28, 2), (30, 4), · · · , where DB and DF are the
numbers of bosonic coordinates and fermionic coordinates, respectively. We show
that in type II string theories the one loop vacuum amplitudes vanish. From this
result, we can suggest the existence of supersymmetry on supermanifolds. As ex-
amples of the heterotic string theories, we construct those whose massless spectra
are related to N = 1 supergravity theories and N = 1 super Yang-Mills theories
with orthosymplectic supergroups on the bosonic flat 10 dimensional Minkowski
space. Also, we construct D-branes on supermanifolds and compute tensions of
the D-branes. We show that the number of fermionic coordinates contributes to
the tensions of the D-branes as an inverse power of the contribution of bosonic
coordinates. Moreover, we find some configurations of two D-branes which satisfy
the BPS-like no-force conditions if νB − νF = 0, 4 and 8, where νB and νF are the
numbers of Dirichlet-Neumann directions in the bosonic coordinates and in the
fermionic coordinates, respectively.
1e-mail: tokunaga@yukawa.kyoto-u.ac.jp
1 Introduction
Recently Witten introduced twistor string theory as a B-twisted topological string theory
on a supermanifold, supertwistor space CP3|4[1]. Topological string theories on superman-
ifolds are generally defined by twisting the non-linear sigma models on Ka¨hler supermani-
folds, though the Ka¨hler supermanifolds should be Calabi-Yau supermanifolds so that the
topological B models are well-defined. Twistor string theory is related to the conformal
supergravity and super Yang-Mills theory in four dimensional space by use of the Penrose
transformation [1] [2]. Also, twistor string theory suggests a powerful prescription for com-
puting amplitudes of Yang-Mills theory concretely. Moreover, topological string theories on
other supermanifolds such as toric supermanifolds were introduced and the mirror symme-
try between supermanifolds were studied [3] [4] [5]. Thus, it is interesting to study string
theories on supermanifolds and to find a beautiful structure beyond the case of bosonic
manifolds.
Also, it is well-known that the partition functions of the topological string theories on
bosonic manifolds are equivalent to the topological amplitudes of the type II superstring
theory [6] [7]. Topological amplitudes are the specific amplitudes of type II superstring
theory with anti-selfdual gravitons and anti-selfdual graviphotons. Therefore, it would be
natural to ask whether we can construct string theories on supermanifolds which are related
to topological string theories on supermanifolds. Here, as a first step we construct string
theories on flat supermanifolds by following the techniques of usual string theories on a
flat Minkowski bosonic manifold [8] [9]. Though it would also be very interesting to check
whether the topological string theories on supermanifolds are related to the type II string
theories on supermanifolds, which will be constructed later, we do not discuss it in this
paper.
?
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Fig. 1: The relation between type II string theory and topological string theory on bosonic manifolds and
supermanifolds.
In this paper, we study string theories on flat supermanifolds. We construct bosonic
string theories, type II, type 0, type I string theories and heterotic string theories on flat
supermanifolds. For these string theories, we show cancellations of the central charges
and modular invariance. We find that the bosonic string theories on supermanifolds have
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the dimensions (DB, DF ) =(26, 0),(28, 2),(30, 4), · · · , where DB and DF are the numbers
of bosonic coordinates and fermionic coordinates, respectively. For type II, type I and
heterotic string theories on supermanifolds, we show that the one loop vacuum amplitudes
vanish. This may suggest supersymmetry on supermanifolds. Moreover, we can construct
many kinds of heterotic string theories on supermanifolds, which are modular invariant and
have vanishing one loop vacuum amplitudes. As examples, we construct the heterotic string
theories whose massless spectra are related to N = 1 supergravity theory and N = 1 super
Yang-Mills theory with supergroups Osp(2DLB−20|2DLF ) on the bosonic flat 10 dimensional
Minkowski space.
Fig. 2: A one loop vacuum amplitude of an open string with one end on each D-brane in the open string
channel. Also this is an exchange of a closed string between two D-branes in the closed string channel.
In [10], Polchinski showed that D-branes with RR charges have to exist as non-perturbative
objects in string theory. The D-branes are constructed by imposing the Dirichlet boundary
conditions and the endpoints of open strings can be attached to the D-branes. See [11]
for reviews. The force between two branes was computed both in the open string channel
and in the closed string channel, and the BPS no-force configurations of two D-branes were
found [12] [10] [13]. Also, recently Witten introduced D1-branes in twistor string theory
[1], and also D-branes in topological string theory on other supermanifolds were studied in
[4]. In this paper, we construct D-branes in the bosonic string theories and in the type II
string theories on supermanifolds. The forces between two D-branes are computed both in
the open string channel and in the closed string channel (Fig.2). From these results, we
can obtain tensions of the D-branes and we show that the number of fermionic coordinates
contributes to the tensions of the D-branes as an inverse power of the contribution of bosonic
coordinates to the tensions. In the type II string theories, we find some configurations of
two D-branes which satisfy the BPS-like no-force conditions if νB − νF = 0, 4 and 8. Here
νB and νF are the numbers of Dirichlet-Neumann directions in the bosonic coordinates and
in the fermionic coordinates, respectively.
The organization of this paper is as follows. In section 2, bosonic string theories on flat
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supermanifolds are introduced. We show cancellations of the central charges and modular
invariance. In section 3, we consider RNS string theories and heterotic string theories on
supermanifolds. We study the GSO projections in order to construct type II theories and
type 0 theories on supermanifolds. Moreover, we study type I theories and heterotic string
theories. In section 4, we construct the D-branes in the bosonic string theories and in the
type II string theories on supermanifolds. Boundary states are constructed, and the annulus
amplitudes are computed both in the open string channel and in the closed string channel
to determine tensions of D-branes. Section 5 includes conclusion and discussion. We mainly
obey the notations of the Polchinski’s books [9].
2 Bosonic String Theories on Flat Supermanifolds
We construct bosonic string theories on flat supermanifolds in the same way as bosonic
string theory on the flat bosonic manifold [8] [9]. For the definition of supermanifolds, we
refer to [14], for example. As in the papers [1] [3] [4], the actions of the string theories on
supermanifolds include the bosonic coordinates Xµ and the fermionic coordinates ΘA. Here
the labels µ and A run from 0 to DB−1 and from 1 to DF , respectively, where DF is an even
number. We denote the dimension of the bosonic directions by DB and the dimension of the
fermionic directions by DF . Later, these dimensions will be determined by the cancellations
of the central charges. The Nambu-Goto action on supermanifolds is
S = − 1
2piα′
∫
M
dτdσ
√
−det (∂aΦP∂bΦQGQP ), (1)
where M is the worldsheet, τ and σ are the worldsheet coordinates, and the indices a, b =
τ, σ. The coordinates ΦP are (Xµ,ΘA), and the labels P and Q run over (µ,A). The metric
on supermanifolds is denoted by GPQ. The indices of the fields Φ
P are raised and lowered
with the metric GPQ as follows;
ΦP = Φ
Q GQP = (−1)|P ||Q| GPQ ΦQ,
ΦP = GPQ ΦQ = (−1)|P ||Q| ΦQ GQP , (2)
where |P | = 0 for the bosonic coordinates and |P | = 1 for the fermionic coordinates.
The Polyakov action on flat supermanifolds is
S =
1
2piα′
∫
d2z
(
∂Xµ∂¯Xµ − i∂ΘA∂¯ΘBGBA
)
. (3)
Here we denote the Minkowski metric of the bosonic directions by ηµν and the metric of
the fermionic directions by GAB, which is defined by GAA−1 = −GA−1A = 1 for all even
numbers A and the others are zero. For example, G21 = −G12 = 1 and G21 = −G12 = 1.
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From the equations of motion, we can write the mode expansions for open strings.
Xµ = xµ − iα′pµ log |z|2 + i
(
α′
2
) 1
2 ∑
m6=0
αµm
m
(
z−m + z¯−m
)
, (4)
ΘA = θA − iα′wA log |z|2 + i
(
α′
2
) 1
2 ∑
m6=0
βAm
m
(
z−m + z¯−m
)
. (5)
The zero modes are written as αµ0 =
√
2α′pµ and βA0 =
√
2α′wA. Also, the operator product
expansions for the coordinates Xµ and ΘA are determined as
Xµ(z1)X
ν(z2) ∼ −α
′
2
ηµν log |z12|2, (6)
ΘA(z1)Θ
B(z2) ∼ − iα
′
2
GAB log |z12|2. (7)
From these operator product expansions, we find the commutators
[xµ, pν ] = i ηµν , (8)
{θA, wB} = − GAB, (9)
[αµm, α
ν
n] = m η
µνδm,−n, (10)
{βAm, βBn } = i m GABδm,−n. (11)
The energy-momentum tensor is defined as the variation of the action (3) with respect to
the worldsheet metric. The holomorphic part T (z) = Tzz(z) is
T (z) = − 1
α′
∂Xµ∂Xµ +
i
α′
∂ΘA∂ΘBGBA. (12)
Here the central charges for these conformal field theories can be computed by use of the
operator product expansions (6) (7) and the energy-momentum tensor (12). We compute
only the fermionic parts since the computation for the bosonic parts is well-known [9].
T (z)T (z′) =
i
α′
: ∂ΘA∂ΘBGBA :
i
α′
: ∂ΘC∂ΘDGDC :
= exp
(
−iα
′
2
GEF
∫
d2z1d
2z2 log |z12|2 δ
δΘF
δ
δΘE
)
× exp
(
−iα
′
2
GIJ
∫
d2z3d
2z4 log |z34|2 δ
δΘJ
δ
δΘI
)
×
(
i
α′
)2
: ∂ΘA∂ΘBGBA : : ∂Θ
C∂ΘDGDC :
4
∼ 1
4(z − z′)4G
EFGIJGBAGDC
× [(−GID)(−GJB)(−GEC)GFA +GIC(−GJB)(−GED)GFA]
+
4
2(z − z′)2
(
i
α′
∂ΘB∂ΘD
[
GEFGBAGDCGE
CGF
A
])
+
2
2(z − z′)∂
(
i
α′
∂ΘB∂ΘD
[
GEFGBAGDCGE
CGF
A
])
∼ G
A
A
2(z − z′)4 +
2
(z − z′)2T (z
′) +
1
(z − z′)∂T (z
′). (13)
Therefore we can see that the central charges of the fermionic parts are GAA = −DF . Also
the ghost parts are the same as in the case of usual string theories on the flat bosonic
manifold. After summing up the bosonic parts, the fermionic parts and the ghost parts, the
central charges of these conformal field theories are DB −DF − 26. The conditions that the
central charges of these theories vanish are
DB −DF = 26. (14)
This equation determines the critical dimensions (DB, DF ). For example, (DB, DF ) =
(26, 0), (28, 2), (30, 4), · · · . The Virasoro generators Ln for nonzero integers n are defined by
Ln =
∫
dz
2pii
zn+1T (z)
=
1
2
∑
m
α
µ
n−mαµm −
i
2
∑
m
βAn−mβAm. (15)
The Virasoro generator L0 is
L0 = α
′p2 +
∞∑
m=1
α
µ
−mαµm − iα′wAwA − i
∞∑
m=1
βA−mβAm − 1. (16)
The zero point energy −1 is the same as the bosonic string on the flat bosonic manifold
because the contributions from extra bosonic coordinates and those from fermionic coordi-
nates are canceled. We can see that these Virasoro generators satisfy the Virasoro algebra.
Also, it is easy to study the closed strings of the bosonic string theories on supermanifolds
similarly.
Next we study the physical states by using the method of the old covariant quantization.
Firstly the spectra of open strings, especially the ground states and the massless states, are
discussed. In this paper, we call m as ’mass’, where m is defined by the on-shell condition;
p2 − iwAwA +m2 = 0. (17)
The ground state |0; p, w〉 depends on the momenta pµ and wA on supermanifolds. The
ground state obeys the Virasoro condition:
L0|0; p, w〉 =
(
α′p2 − iα′wAwA − 1
) |0; p, w〉 = 0. (18)
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This equation means that the ground state is a tachyonic state. Also we can construct the
vertex operators Vtachyon(p, w) for the tachyonic ground state.
Vtachyon = e
ipµXµew
AΘA. (19)
Next the massless states |e, f ; p, w〉 are given by
|e, f ; p, w〉 = (eµα−1µ + fAβ−1A) |0; p, w〉. (20)
Here we use the Grassmann even coefficients eµ and the Grassmann odd coefficients fA.
The Virasoro conditions for the massless states are
L0|e, f ; p, w〉 =
(
α′p2 − iα′wAwA
) |e, f ; p, w〉 = 0, (21)
L1|e, f ; p, w〉 = (2α′)2
(
eµpµ + f
AwA
) |0; p, w〉 = 0, (22)
|e, f ; p, w〉 ∼ |e, f ; p, w〉+ L−1|0; p, w〉
= |e, f ; p, w〉+ (2α′)2 (pµαµ−1 − iwAβA−1) |0; p, w〉. (23)
These equations mean that massless states are gauge fields on supermanifolds. Also we can
construct the vertex operator Vgauge corresponding to the massless states.
Vgauge =
(
eµ∂Xµ + f
A∂ΘA
)
eip
µXµew
AΘA. (24)
Similarly we can study the spectra of closed strings, which include tachyonic ground states
and massless states. The massless states are a graviton, an antisymmetric two-form field and
a dilaton on supermanifolds. One can see that the effective actions for the bosonic string
theories on supermanifolds include Yang-Mills theory and gravity theory on supermanifolds
by use of the cubic string field theory and the β-function in a curved background. The
actions can be written simply by adding fermionic coordinates to the Yang-Mills theory
and gravity theory on bosonic manifolds. For example, the action of the gravity theory on
supermanifolds is
S =
∫
dDBx dDF θ
√−G R, (25)
where G is the superdeterminant of the metric GPQ on supermanifolds and R is the Ricci
scalar for the metric GPQ [15].
We discuss the norms of the physical states. Here we simply denote the tachyonic ground
states by |0〉 whose momenta are omitted. For example, we consider the excitations of βA−n
for all non-negative integers n and A = 1, 2. From (11), the operators βA−n anticommutate
with each other. So, four states for a non-negative integer n are
|0〉, 1√
2
(
iβ1−n + β
2
−n
) |0〉, 1√
2
(
iβ1−n − β2−n
) |0〉, iβ1−nβ2−n|0〉. (26)
The norms for these states are
1
2
〈0| (−iβ1n + β2n) (iβ1−n + β2−n) |0〉 = −n〈0|0〉, (27)
1
2
〈0| (−iβ1n − β2n) (iβ1−n − β2−n) |0〉 = n〈0|0〉, (28)
〈0| (β2nβ1nβ1−nβ2−n) |0〉 = −n2〈0|0〉. (29)
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Therefore, just half of the physical states have negative norms and the other physical states
have positive norms. From this result, we can see that the string theories on supermanifolds
are non-unitary theories.
Finally we study the one loop vacuum amplitudes of the oriented closed strings for these
string theories. The moduli parameters on the torus are denoted by τ = τ1 + iτ2 and q
is defined as exp(2piiτ). The torus amplitudes ZT2 are given by the Coleman-Weinberg
formula;
ZT 2 =
∫
F0
d2τ
4τ2
∫
dDBp
(2pi)DB
(−i2pi)DF2
∫
dDFw
∑
i∈H⊥
(−1)Fiq α
′
4
(p2−iw2+m2i )q¯
α′
4
(p2−iw2+m2i ). (30)
Here F0 is the fundamental region and Fi is the number of the space-time Grassmann odd
fields. H⊥ is the closed string Hilbert space excluding the ghosts, the µ = 0, 1 oscillators,
and the noncompact momenta. The masses mi are the eigenvalues of the Hamiltonian H
for the Hilbert space H⊥:
H =
∞∑
m=1
α
j
−mαjm − i
∞∑
m=1
βA−mβAm − 1. (31)
Here j = 2, 3, · · · , DB − 1. The bosonic coordinate part ZX(τ) of the partition functions is
ZX(τ) = (qq¯)
− 1
24
∏
µ,n
∞∑
Nµn,N˜µn=0
qnNµn q¯nN˜µn
= (qq¯)−
1
24
(
∞∏
n=1
(1− qn)−1 (1− q¯n)−1
)
= |η(τ)|−2. (32)
The fermionic coordinate part ZΘ(τ) is
ZΘ(τ) = (qq¯)
+ 1
24
∏
A,n
1∑
NAn,N˜An=0
(−q)nNAn(−q¯)nN˜An
= (qq¯)
1
24
(
∞∏
n=1
(1− qn) (1− q¯n)
)
= |η(τ)|2. (33)
After integrating over the momenta, the one loop vacuum amplitudes turns out to be
ZT 2 =
∫
F0
dτdτ¯
4τ2
i
(
4pi2α′τ2
)−DB−DF
2 ZDB−2X (τ)Z
DF
Θ (τ)
= i
(
4pi2α′
)−DB−DF
2
∫
F0
dτdτ¯
4τ 22
(
τ2|η(τ)|4
)−DB−DF−2
2 . (34)
From these results, we can see that the modular parameter dependent parts of the one loop
vacuum amplitudes are completely determined by DB −DF , which has to be 26 from (14).
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In conclusion, the bosonic string theories on supermanifolds with vanishing central charges
are modular invariant.
Anywhere in this paper, we compute amplitudes per unit volume. All string amplitudes
are proportional to VBVF , where VB and VF are the volume of the bosonic directions and the
fermionic directions, respectively. Usually, VB is regularized if we consider a compact space
instead of the non-compact space. We expect that VF can be regularized to a non-zero finite
volume, if we use the noncommutativity of the fermionic coordinates and the heat kernel
method, for example.
Also, we can study open string similarly. For open string, we introduce the Chan-Paton
factor, which induces non Abelian gauge groups. When the open string and the unoriented
closed string are considered, the non-zero one loop vacuum amplitude shows that a tadpole
exists. In the case of the open string theory on supermanifolds, one can compute the one
loop vacuum amplitudes similarly, and these amplitudes are mostly equal to the one loop
vacuum amplitudes in the case of the bosonic manifold. Therefore, we can see that the
tadpole is canceled as usual if the gauge group is SO(213).
3 RNS String Theories and Heterotic String Theories on Flat
Supermanifolds
It is well-known that there are five superstring theories on 10 dimensional bosonic manifolds;
type II AB, type I and heterotic SO(32) and E8×E8 superstring theories. Here we construct
the type II, type I and heterotic string theories on supermanifolds. We show the physical
spectra, the cancellations of central charges and modular invariance.
3.1 Type II String Theories on Flat Supermanifolds
In order to construct RNS string theories on supermanifolds, superpartners on the world-
sheet are introduced. The superpartners of the fields Xµ are denoted by ψµ and ψ˜µ. The
superpartners of the fields ΘA are denoted by ρA and ρ˜A. The actions for the RNS string
theories are written as
S =
1
4pi
∫
d2z
(
2
α′
∂Xµ∂¯Xµ − i 2
α′
∂ΘA∂¯ΘA
+ ψµ∂¯ψµ + ψ˜
µ∂ψ˜µ − iρA∂¯ρA − iρ˜A∂ρ˜A
)
. (35)
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From this action, the operator product expansions are
ψµ(z)ψν(0) ∼ η
µν
z
, (36)
ψ˜µ(z¯)ψ˜µ(0) ∼ η
µν
z¯
, (37)
ρA(z)ρB(0) ∼ i G
AB
z
, (38)
ρ˜A(z¯)ρ˜B(0) ∼ i G
AB
z¯
. (39)
The mode expansions of these fields are
ψµ(z) =
∑
r∈Z+ν
ψµr
zr+
1
2
, ψ˜µ(z¯) =
∑
r∈Z+ν˜
ψ˜µr
z¯r+
1
2
, (40)
ρA(z) =
∑
r∈Z+ν
ρAr
zr+
1
2
, ρ˜A(z¯) =
∑
r∈Z+ν˜
ρ˜Ar
z¯r+
1
2
. (41)
Here ν and ν˜ labels the Ramond and Neveu-Schwarz sectors. The fields with ν = 0 and
ν = 1
2
are the Ramond fields and Neveu-Schwarz fields, respectively. In a similar way, the
fields with ν˜ are defined. The commutators for these operators are
{ψµr , ψνs} = ηµνδs+t,0, (42)
{ψ˜µr , ψ˜νs} = ηµνδs+t,0, (43)[
ρAr , ρ
B
s
]
= i GABδr+s,0, (44)[
ρ˜Ar , ρ˜
B
s
]
= i GABδr+s,0. (45)
The energy-momentum tensor TB(z) and the worldsheet supercurrent TF (z) are
TB(z) = − 1
α′
∂Xµ∂Xµ + i
1
α′
∂ΘA∂ΘBGBA
−1
2
ψµ∂ψµ +
i
2
ρA∂ρA, (46)
TF (z) = i
√
2
α′
ψµ∂Xµ + i
√
2
α′
ρA∂ΘA. (47)
As in the bosonic string case, the central charges for these matters can be computed and
the results are 3
2
(DB − DF ). Therefore, after the superconformal ghosts are included, we
can determine the critical dimensions as
DB −DF = 10. (48)
This implies that the critical dimensions are (DB, DF ) = (10, 0), (12, 2), (14, 4), · · · . Also,
the Laurent expansions for TB and TF are
TB(z) =
∞∑
m=−∞
Lm
zm+2
, (49)
TF (z) =
∑
r∈Z+ν
Gr
zr+
3
2
. (50)
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The super Virasoro operators are
Ln =
∫
dz
2pii
zn+1T (z)
=
1
2
∑
m
α
µ
n−mαµm −
i
2
∑
m
βAn−mβ
B
mGBA
+
1
4
∑
r∈Z+ν
(2r − n)ψµn−rψµr −
i
4
∑
r∈Z+ν
(2r − n)ρAn−rρAr, (51)
Gr =
∑
m∈Z
αµmψµr−m +
∑
m∈Z
ρAr−mβmA. (52)
These operators satisfy the super Virasoro algebra. The zero-point energies for L0 are −12
for NS and 0 for R.
We discuss the physical states in the NS sectors and the R sectors. The ground states
of open strings in the NS sectors are tachyons, and the massless states are gauge fields on
supermanifolds. The interesting parts are the Ramond massless ground states, which are
written as |Ramond; p, w〉 here. The Virasoro constraints are
0 = L0|Ramond; p, w〉 =
(
1
2
α
µ
0αµ0 −
i
2
βA0 βA0
)
|Ramond; p, w〉, (53)
0 = G0|Ramond; p, w〉 =
(
α
µ
0ψµ0 + ρ
A
0 β0A
) |Ramond; p, w〉. (54)
We may regard these equations as the Klein-Gordon equation and the Dirac equation on
supermanifolds. The zero modes ψµ0 and ρ
A
0 of the Ramond sectors satisfy the following
(anti)commutators;
{ψµ0 , ψν0} = ηµν , (55)[
ρA0 , ρ
B
0
]
= iGAB. (56)
The first anticommutators define the Clifford algebra and also the second commutators
define the Heisenberg algebra. The spinor representation for the supergroup Osp(1, DB −
1|DF ) is an infinite dimensional representation because it includes the Heisenberg algebra.
Thus, the Ramond massless ground states are labeled by this infinite dimensional spinor
representation. Also, there are four sectors in the physical states of closed strings; NS-NS,
R-R, R-NS and NS-R.
In order to extract the physical states, the GSO projection needs to be introduced. The
GSO projection is defined by using the number operators defined below. For the fermionic
fields ψµ, the fermion number operator F are defined as
(−1)Fψµ = −ψµ(−1)F . (57)
We can use this fermion number operator F and the periodicity ν to extract the physical
states for the parts of ψµ. Here the tachyonic NS ground states are assigned as (−1)F = −1.
Next the number operator Fρ of ρ
A is defined as
(−1)FρρA = −ρA(−1)Fρ . (58)
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All states can be labeled by these number operators . For example the tachyonic ground
states are represented by NS−+. The first label is the eigenvalue of (−1)F and the second
label is the eigenvalue of (−1)Fρ . The massless states are written as NS++, NS−−, R+± and
R−±. The number operators F˜ and F˜ρ˜ for the right sectors are defined in the same way.
By using these operators, we can construct the type II string theories on supermanifolds
as closed string theories. There are two kinds of GSO projections, which are called type
IIA and type IIB. These projections satisfy the conditions that all pairs of vertex operators
are mutually local, the operator product expansions are closed and the one loop amplitude
is modular invariant. Later we will show the modular invariance of the one loop amplitude
explicitly. In type IIA string theory, the GSO projection is defined by keeping all sectors
with
exp (ipi(F + Fρ)) = 1, (59)
exp
(
ipi(F˜ + F˜ρ)
)
= (−1)1−2ν˜ . (60)
In type IIB string theory, the GSO projection is defined by keeping all sectors with
exp (ipi(F + Fρ)) = 1, (61)
exp
(
ipi(F˜ + F˜ρ)
)
= 1. (62)
The massless spectra of type II theory are divided by the four sectors NS-NS, R-R, NS-R
and R-NS. The NS-NS massless states are a graviton, an antisymmetric two-form field and
a dilaton on supermanifolds. The NS-R massless states have two space-time indices, which
are the vector indices from the NS sector and the spinor indices from the R sector for the
supergroup Osp(1, DB − 1|DF ). So the NS-R and R-NS massless states may be considered
as two gravitini on supermanifolds. The R-R massless states have two spinor indices. If
we use the matrix representations with two spinor indices for the generators of the Clifford
algebra and the Heisenberg algebra, the R-R massless states are labeled by the tensors
Cµ1µ2···µp+1A1A2···Ar , (63)
which is antisymmetric for the indices µi of the bosonic coordinates and symmetric for
the indices As of the fermionic coordinates. These are equivalent to (p + 1|r)-forms on
supermanifolds. In [17], the relation between the superpartners of the fermionic coordinates
and the superforms is discussed in more detail by use of the picture changing operators.
Also, the integers p and r are determined by the chiralities and the dimensions. The type
IIA and the type IIB have different chiralities, and the chirality operator is defined by the
product of the gamma matrix and the number operator of ρA. The number p of bosonic
coordinates are determined by the property of the spinor representation for the subgroup
SO(1, DB−1) [9]. Therefore, we can see that in the case that DB−22 is even, in type IIA theory
(p, r) = (even, even) and (p, r) = (odd, odd), and in type IIB theory (p, r) = (odd, even)
and (p, r) = (even, odd). Moreover, in the case that DB−2
2
is odd, in type IIA theory
(p, r) = (odd, even) and (p, r) = (even, odd), and in type IIB theory (p, r) = (even, even)
and (p, r) = (odd, odd). Later, we will use these R-R forms in order to construct D-branes
on supermanifolds.
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Also, we can construct the type 0A theory and the type 0B theory. The type 0A theory
is defined by keeping all sectors with
ν = ν˜, (64)
exp (ipi(F + Fρ)) = (−1)1−2ν˜ exp
(
ipi(F˜ + F˜ρ)
)
. (65)
Type 0B theory is defined by keeping all sectors with
ν = ν˜, (66)
exp (ipi(F + Fρ)) = exp
(
ipi(F˜ + F˜ρ)
)
. (67)
Moreover, the type I string theory can be defined by projecting type IIB theory by a world-
sheet parity symmetry Ω and adding open string theory with gauge group SO(32).
Finally,we discuss the modular invariance of the type II string theories on supermanifolds.
The one-loop vacuum amplitude ZT2 is given by (30).
ZT2 =
∫
F0
d2τ
4τ2
ZXΘ(τ)Zψρ(τ)Zψ˜ρ˜(τ¯ ). (68)
The bosonic part ZXΘ is
ZXΘ = i(4pi
2α′)−
DB
2
+
DF
2
1
τ2
(
τ2(η(τ))
4
)− 1
2
(DB−DF−2)
. (69)
The part Zψρ(τ) of ψ and ρ is
Zψρ(τ) =
1
2
[
Z00(τ)
DB
2
−1Z˜01 (τ)
DF
2 − Z01 (τ)
DB
2
−1Z˜00(τ)
DF
2
−Z10 (τ)
DB
2
−1Z˜11 (τ)
DF
2 − Z11 (τ)
DB
2
−1Z˜10(τ)
DF
2
]
. (70)
Here Zαβ (τ) and Z˜
α
β (τ) are defined by
Zαβ (τ) = Trα
(
(−1)βF qHψ) , (71)
Z˜αβ (τ) = Trα
(
(−1)βFρqHρ) . (72)
Here the label α is equal to 1 − 2ν. α = 1 means in the R sector and α = 0 means in the
NS sector. Hψ and Hρ are
Hψ =
1
4
∑
r∈Z+ν
(2r − n)ψjn−rψjr + aψ, (73)
Hρ = − i
4
∑
r∈Z+ν
(2r − n)ρan−rρar + aρ, (74)
where j = 23, · · · , DB − 1 and a = 1, 2, · · · , DF . The zero point energies aψ and aρ are
aψ =
(1− 2ν)2
8
− 1
24
, (75)
aρ = −(1− 2ν)
2
8
+
1
24
. (76)
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The part Zαβ (τ) of ψ
µ is completely the same as that of the usual type II superstring on the
bosonic manifold.
Zαβ (τ) = Trα
(
(−1)βF qHψ)
= q
α2
8
− 1
24
∞∏
m=1
(
1 + (−1)βqm− 1−α2
)(
1 + (−1)βqm− 1+α2
)
. (77)
The part Z˜αβ (τ) of ρ
A is
Z˜αβ (τ) = Trα
(
(−1)βFρqHρ)
= q−
α2
8
+ 1
24
∞∏
m=1
∞∑
Nm,N˜m=1
(
(−1)βqm− 1−α2
)Nm (
(−1)βqm− 1+α2
)N˜m
= q−
α2
8
+ 1
24
∞∏
m=1
(
1− (−1)βqm− 1−α2
)−1 (
1− (−1)βqm− 1+α2
)−1
=
(
Zαβ+1(τ)
)−1
. (78)
Here the parts of the ground states in the Ramond sectors are computed by use of the
following expression; (
1∑
n=0
(±R)n
)(
∞∑
n=0
(∓R)n
)
= 1, (79)
where the parameter R approaches to 1. After all results are substituted into (70),
Zψρ(τ) =
1
2
[
Z00 (τ)
DB−2
2 Z˜01(τ)
DF
2 − Z01(τ)
DB−2
2 Z˜00(τ)
DF
2
−Z10 (τ)
DB−2
2 Z˜11(τ)
DF
2 − Z11(τ)
DB−2
2 Z˜10(τ)
DF
2
]
=
1
2
[
Z00 (τ)
DB−DF−2
2 − Z01(τ)
DB−DF−2
2
−Z10 (τ)
DB−DF−2
2 − Z11 (τ)
DB−DF−2
2
]
. (80)
Similarly we can compute the part Zψ˜ρ˜(τ¯ ).
Zψ˜ρ˜(τ¯) =
1
2
[
Z00 (τ¯)
DB−DF−2
2 − Z01 (τ¯)
DB−DF−2
2
−Z10 (τ¯)
DB−DF−2
2 ∓ Z11 (τ¯)
DB−DF−2
2
]
. (81)
For the signs of the last term, the negative sign corresponds to the type IIB theory and the
positive sign corresponds to the type IIA theory. Therefore, we can see that the modular
parameter dependent parts of these one-loop vacuum amplitudes are completely the same as
those of the usual type II superstring theories on the flat bosonic manifold if the condition
(48) is satisfied. In conclusion, the type II string theories on supermanifolds with vanishing
central charges are modular invariant.
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3.2 Heterotic String Theories on Flat Supermanifolds
We study heterotic string theories on flat supermanifolds in the same way as SO(32) and
E8×E8 heterotic string theories on the flat bosonic manifold. The heterotic string theories
are constructed by combining the bosonic string theories as the left-moving part and the
type II string theories as the right-moving part. As discussed before, we have constructed
many bosonic string theories and type II string theories on different supermanifolds. So
we can construct many different heterotic string theories. We consider the heterotic string
theories whose left-handed parts are the bosonic string theories with the dimension (DLB, D
L
F )
and whose right-handed parts are the RNS string theories with the dimension (DRB, D
R
F ).
In the case that DLF is larger than D
R
F , the actions for the heterotic string theories on flat
supermanifolds are
S =
1
4pi
∫
d2z
(
2
α′
∂Xµ∂¯Xµ − i 2
α′
∂ΘA∂¯ΘA
+ λi∂¯λi + λi
′
∂¯λi
′
+ ψ˜µ∂ψ˜µ − ipia∂¯pia − iρ˜A∂ρ˜A
)
, (82)
where λi and λi
′
are Grassmann odd fields for i = 17, 18, · · · , 2DLB−20 and i′ = 1, 2, · · · , 16,
and pia are Grassmann even fields for a = 1, 2, · · · , 2DLF . The operator product expansions
and the energy-momentum tensors for these fields are
λi(z)λj(0) ∼ δ
ij
z
, λi
′
(z)λj
′
(0) ∼ δ
i′j′
z
, (83)
pia(z)pib(0) ∼ iG
ab
z
, (84)
Tλ(z) = −1
2
λi∂λi, Tλ′(z) = −1
2
λi
′
∂λi
′
(85)
Tpi(z) =
i
2
pia∂pia. (86)
The left-dimension DLB|DLF and the right-dimension DRB|DRF should be chosen so that each
central charge is zero.
DLB −DLF = 26,
DRB −DRF = 10. (87)
Here we concretely consider only the simplest cases that (DRB, D
R
F ) = (10, 0). In these
cases, the right-moving massless states are labeled by the vector representation 8v and the
spinor representation 8s for SO(8), where the massless physical states are classified by their
behavior under the SO(8) rotations as usual [9]. The number operators Fλ, Fλ′ and Fpi for
the left-moving fields are introduced in order to define the GSO projection on λi, λi
′
and
pia.
(−1)Fλλi = −λi(−1)Fλ, (88)
(−1)Fλ′λi′ = −λi′(−1)Fλ′ , (89)
(−1)Fpipia = −pia(−1)Fpi . (90)
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We take the GSO projection
exp (ipi(Fλ + Fλ′ + Fpi)) = 1. (91)
This GSO projection satisfies the consistency conditions such as mutual locality and modular
invariance. The left-moving massless spectra of this theory are the states labeled by the
vector representation 8v and the states for the adjoint representation of Osp(2D
L
B−20|2DLF ):
α
µ
−1|0〉NS, λi− 1
2
λ
j
− 1
2
|0〉NS
λi
− 1
2
pib
− 1
2
|0〉NS, pia− 1
2
λ
j
− 1
2
|0〉NS, pia− 1
2
pib
− 1
2
|0〉NS. (92)
The parts with the label i′ are the same as those with the label i. Therefore by combining
right-moving and left-moving parts, we can see that the massless states are related to the
N = 1 supergravity and the N = 1 gauge multiplets with the gauge group Osp(2DLB −
20|2DLF ) on the 10 dimensional flat bosonic Minkowski space.
Moreover, other heterotic string theories on supermanifolds can be constructed. For
example, the GSO projection
exp (ipi(Fλ + Fpi)) = 1,
exp (ipi(Fλ′)) = 1 (93)
is taken to satisfy the consistency conditions similarly. There are four sectors in the physical
spectra, because (λi, pia) and λi
′
can have independent boundary conditions, respectively;
λi(w + 2pi) = η λi(w),
pia(w + 2pi) = η pia(w),
λi
′
(w + 2pi) = η˜ λi
′
(w). (94)
Here we use the worldsheet coordinate w = σ1+iσ2, and the periodicity η = ±1 and η˜ = ±1.
These four sectors are labeled by NS-NS’, R-NS’, NS-R’ and R-R’. The left-moving massless
spectra of this theory are the NS-NS’ parts
α
µ
−1|0〉NS−NS′, λi
′
− 1
2
λ
j′
− 1
2
|0〉NS−NS′ , λi− 1
2
λ
j
− 1
2
|0〉NS−NS′,
λi
− 1
2
pib
− 1
2
|0〉NS−NS′, pia− 1
2
λ
j
− 1
2
|0〉NS−NS′ , pia− 1
2
pib
− 1
2
|0〉NS−NS′, (95)
and the R-NS’ parts and the NS-R’ parts labeled by
{λi0, λj0} = δij,
[
pia0 , pi
b
0
]
= iGab,
{λi′0 , λj
′
0 } = δi
′j′. (96)
Therefore, the massless spectra are labeled by the sums of the adjoint representations and the
spinor representations of Osp(2DLB − 36|2DLF ) and SO(16). In order to see if these massless
states are the N = 1 gauge multiplets on the 10 dimensional flat bosonic Minkowski space,
it would also be interesting to check that the sums of the adjoint representations and the
spinor representations of Osp(2DLB − 36|2DLF ) are infinite dimensional supergroups.
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4 D-branes on Supermanifolds
In this section, we study D-branes on supermanifolds as non-perturbative objects in string
theory. In the case of supermanifolds, we can impose the boundary conditions for the
fermionic coordinates. So, D-branes on supermanifolds can have more configurations than
those on bosonic manifolds. Boundary states are constructed to compute the amplitudes in
the closed string channel. Here we obey the notations in the papers [13].
4.1 D-branes in Bosonic String Theories on Supermanifolds
We construct D-branes in the bosonic string theory on supermanifolds. The dimensions
of the supermanifolds are written as DB|DF . The critical dimensions are DB − DF = 26,
that is, (DB, DF ) = (26, 0), (28, 2), (30, 4), · · · . In order to construct D-branes, we study the
boundary conditions on the worldsheet. The Dirichlet condition or the Neumann condition
for each bosonic direction is imposed on the boundary. But we have to treat the fermionic
parts ΘA carefully, because the two fields ΘA and ΘA+1 appear in pairs in the action. The
same boundary conditions for each pair of fermionic directions need to be imposed, because
the following conditions should be satisfied on the boundary;
δΘA ∂σ1Θ
A+1 = 0,
δΘA+1 ∂σ1Θ
A = 0. (97)
Therefore we can see that from these boundary conditions, δΘA = δΘA+1 = 0 or ∂σ1Θ
A =
∂σ1Θ
A+1 = 0. When we denote the numbers of the directions with the Neumann conditions
as p + 1 for the bosonic directions and r for the fermionic directions, r has to be an even
number. We call these D-branes as Dp|r-branes.
We compute the amplitude F between two parallel Dp|r-branes in the open string channel
and in the closed string channel to determine the tensions of the Dp|r-branes. At first in the
open string channel, the one loop open string amplitude is
F =
∫ ∞
0
dτ
2τ
Tr e−2piL0τ . (98)
Here we denote the length of the cylinder as τ . The trace is taken over the open string
physical states and noncompact momenta. The mode expansions of the fields Xα and Θa
for the NN directions are
Xα = xµ − iα′pµ log |z|2 + i
(
α′
2
) 1
2 ∑
m6=0
αµm
m
(
z−m + z¯−m
)
, (99)
Θa = θa − iα′wa log |z|2 + i
(
α′
2
) 1
2 ∑
m6=0
βam
m
(
z−m + z¯−m
)
. (100)
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The mode expansions of the fields X i and Θs for the DD directions are
X i = −i y
i
2pi
log
(z
z¯
)
+ i
√
α′
2
∑
m6=0
αim
m
(
z−m − z¯−m) , (101)
Θs = i
√
α′
2
∑
m6=0
βsm
m
(
z−m − z¯−m) , (102)
where yi is a distance between two parallel Dp|r-branes. In the DD fermionic directions, the
Dp|r-branes are localized at θ
s = 0. The Virasoro generator L0 is
L0 = α
′(kαkα − iwawa) + y
2
4pi2α′
+
∞∑
n=1
(αµ−nαµn − iβA−nβAn) + Lghost0 . (103)
The amplitude F can be computed as
F = 2i
∫
dp+1k
(2pi)p+1
(−i2pi) r2
∫
drw
∫ ∞
0
dτ
2τ
e−2piτα
′(k2−iwAwA) e−
y2τ
2piα′ e2piτ Tr
(
∞∏
n=1
eN
⊥
)
= i
∫ ∞
0
dτ(8pi2α′τ)−
p+1
2
+ r
2 e−
y2τ
2piα′ e2piτ
∞∏
n=1
(
1
1− e−2piτn
)DB−DF−2
= i(8pi2α′)−
p+1
2
+ r
2
∫ ∞
0
dτ
τ
τ−
p+1
2
+ r
2 e−
y2τ
2piα′
(
f1(e
−piτ )
)−24
. (104)
Here N⊥ is defined by
N⊥ =
∞∑
n=1
(αj−nαjn − iβA−nβAn), (105)
where j runs over 2, 3, · · · , DB − 1. The function f1 is defined as
f1(q) = q
1
12
∞∏
n=1
(1− q2n). (106)
Later, the amplitude (104) in the open string channel will be compared with the amplitude
in the closed string channel.
Next the amplitude of the same configuration is computed in the closed string channel.
We construct the boundary states as
|B〉 = Tp,r
2
|BX〉|BΘ〉|Bghost〉, (107)
where Tp,r is a normalization constant to be fixed. The boundary states for the bosonic
coordinates are defined by the following conditions;
∂σ2X
α|σ2=0|BX〉 = 0 α = 0, · · · , p, (108)
X i|σ2=0|BX〉 = yi|σ2=0|BX〉 i = p+ 1, · · · , DB − 1. (109)
These conditions can be written by use of the oscillators;
(ααn + α˜
α
−n)|BX〉 = 0, (αin − α˜i−n)|BX〉 = 0, (110)
pˆα|BX〉 = 0, (xˆi − yi)|BX〉 = 0. (111)
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Here a matrix Sµν is defined by
Sµν = (ηαβ,−δij). (112)
The conditions (110) are rewritten as
(αµn + S
µ
να˜
ν
−n)|BX〉 = 0. (113)
The boundary states satisfying these conditions can be constructed as
|BX〉 = δDB−p−1(xˆi − yi)
(
∞∏
n=1
e−
1
n
α
µ
−nSµν α˜
µ
−n
)
|0〉α|0〉α˜|pα = 0〉. (114)
Here |0〉α and |0〉α˜ are defined by
αµn|0〉α = 0 for n > 0,
α˜µn|0〉α˜ = 0 for n > 0. (115)
Next we construct the boundary states for the fermionic coordinates by imposing the fol-
lowing conditions;
∂σ2Θ
a|σ2=0|BΘ〉 = 0 a = 1, · · · , r, (116)
Θs|σ2=0|BΘ〉 = 0 s = r + 1, · · · , DF . (117)
These conditions can be written by use of the oscillators;
(βan + β˜
a
−n)|BΘ〉 = 0, (βsn − β˜s−n)|BΘ〉 = 0, (118)
wˆa|BΘ〉 = 0, θˆs|BΘ〉 = 0. (119)
We define SAB = (Gab,−Gst), and then the conditions (118) are rewritten as
(βAn + S
ABβ˜B−n)|BΘ〉 = 0. (120)
The boundary states satisfying these conditions can be constructed as
|BΘ〉 = δDF−r(θˆs)
∞∏
n=1
(
e
i
n
βA
−nSA
B β˜B−n
)
|0〉β|0〉β˜|wa = 0〉, (121)
where |0〉β and |0〉β˜ are defined by
βAn |0〉β = 0 for n > 0,
β˜An |0〉β˜ = 0 for n > 0. (122)
The ghost part is the same as usual,
|Bghost〉 = e
∑
∞
n=0(c−nb˜−n−b−n c˜−n)
(
c0 + c˜0
2
)
|q = 1〉|q˜ = 1〉, (123)
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where the state |q = 1〉 is defined as
cn|q = 1〉 = 0 for n ≥ 1,
bm|q = 1〉 = 0 for m ≥ 0, (124)
and the antiholomorphic part |q˜ = 1〉 is defined in the same way.
The amplitude F between two parallel Dp|r-branes in the closed string channel can be
computed by use of these boundary states.
F = 〈B|D|B〉, (125)
where the closed string propagator is defined as
D =
α′
4pi
∫
1≥|z|
d2z
|z|2 z
L0 z¯L˜0 . (126)
The amplitude is factorized as follows;
F =
α′
4pi
T 2p,r
4
∫
1≥|z|
d2z
|z|2Z
zero
X Z
nonzero
X Z
zero
Θ Z
nonzero
Θ ZGhost. (127)
The zero mode part of Xµ is
ZzeroX = 〈p = 0|δd⊥(qˆi)|z|
α′
2
pˆ2δd⊥(qˆi − yi)|p = 0〉
= i(2pi2α′t)−
d⊥
2 e−
y2
2piα′t . (128)
Here we define d⊥ = DB − 1− p, and the parameter t is defined by
|z| = e−pit , d2z = −pie−2pitdtdφ. (129)
The nonzero mode part of Xµ is
ZnonzeroX = α〈0|α˜〈0|
(
∞∏
m=1
e−
1
m
α
µ
−mSµν α˜
µ
−m
)
zN z¯N˜
(
∞∏
n=1
e−
1
n
α
µ
−nSµν α˜
µ
−n
)
|0〉α|0〉α˜
=
∞∏
n=1
(
1
1− |z|2n
)DB
, (130)
where the N and N˜ are the number operators.
N =
∞∑
n=1
α
µ
−nαµn − i
∞∑
m=1
βA−mβAm, (131)
N˜ =
∞∑
n=1
α˜
µ
−nα˜µn − i
∞∑
m=1
β˜A−mβ˜Am. (132)
The zero mode part of ΘA is
ZzeroΘ = 〈w = 0|δ(θˆ) |z|−i
α′
2
wAwA δ(θˆ)|w = 0〉
= (2pi2α′t)
DF−r
2 . (133)
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The nonzero mode part of ΘA is
ZnonzeroΘ = β〈0|β˜〈0|
∞∏
n=1
(
e
i
n
βAn SA
B β˜Bn
)
zN z¯N˜
∞∏
n=1
(
e
i
n
βA
−nSA
B β˜B−n
)
|0〉β|0〉β˜
=
∞∏
n=1
(
1− |z|2n)DF . (134)
The ghost part is
ZGhost = |z|−2
∞∏
n=1
(
1− |z|2n)2 . (135)
After these results are substituted into (127), the amplitude is
F =
T 2p,r
4
iα′pi
2
∫ ∞
0
dt e2pit (2pi2α′t)−
d
⊥
2
+
DF−r
2 e−
y2
2piα′t
∞∏
n=1
(
1
1− e−2pint
)DB−DF−2
=
T 2p,r
4
iα′pi
2
(2pi2α′)−
d
⊥
2
+
DF−r
2
∫ ∞
0
dt t−
d
⊥
2
+
DF−r
2 e−
y2
2piα′t
(
f1(e
−pit)
)−24
. (136)
Finally we compare the amplitude (104) in the open string channel and the amplitude
(136) in the closed string channel. The well-known identity for the function f1 is
τ =
1
t
, (137)
f1(e
−piτ ) = f1(e
−pi
t ) =
√
tf1(e
−pit). (138)
After using this identity, the amplitude (104) is rewritten by use of the parameter t instead
of τ .
F = i(8pi2α′)−
p+1
2
+ r
2
∫ ∞
0
dt t−
d
⊥
2
+
DF−r
2 e−
y2
2piα′t
(
f1(e
−pit)
)−24
. (139)
In conclusion, we can see that the amplitudes in the open and closed string channels are
completely the same if the tension of Dp|r-brane is defined as
Tp,r =
√
pi 2−
DB−DF−10
4 (2pi
√
α′)
DB
2
−
DF
2
−2−p+r. (140)
The NN fermionic directions contribute to the tension as an inverse power of the NN bosonic
directions.
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4.2 D-branes in RNS String Theories on Supermanifolds
Here we consider D-branes in the type II string theories on supermanifolds. We remember
two facts. One is that the R-R (p + 1, r)-forms exist in the type II string theories on
supermanifolds. In the case that DB−2
2
is even, in type IIA theory (p, r) = (even, even) and
(p, r) = (odd, odd), and in type IIB theory (p, r) = (odd, even) and (p, r) = (even, odd).
Also, in the case that DB−2
2
is odd, in type IIA theory (p, r) = (odd, even) and (p, r) =
(even, odd), and in type IIB theory (p, r) = (even, even) and (p, r) = (odd, odd). Moreover,
the other fact is that r has to be an even number from (97). From these facts, we can see that
in the case that DB−2
2
is even, in type IIA theory the R-R forms with (p, r) = (even, even)
and in type IIB theory the R-R forms with (p, r) = (odd, even) can couple to Dp|r-branes.
Also, in the case that DB−2
2
is odd, in type IIA theory the R-R forms with (p, r) = (odd, even)
and in type IIB theory the R-R forms with (p, r) = (even, even) can couple to Dp|r-branes.
Here r = 0, 2, 4, · · · , DF . Now we will check what kinds of configurations satisfy the BPS-
like conditions. Here we limit the cases that D-branes are static and rigid, although we
can consider the cases that D-branes are rotated and boosted [13] [17]. We write the
Dirichlet-Dirichlet directions as DD, Neumann-Neumann as NN, Neumann-Dirichlet as ND
and Dirichlet-Neumann as DN, for short.
In the open string channel, we compute the amplitude between one Dp|r-brane and one
Dq|r˜-brane. The numbers of the DD directions are denoted by DDB for the bosonic co-
ordinates and DDF for the fermionic coordinates. The numbers of the NN directions are
denoted by NNB and NNF . The numbers of the ND and DN directions are denoted by νB
and νF . The boundary conditions for the ND directions are given by
∂σ1X
µ|σ1=0 = 0, ∂σ2Xµ|σ1=pi = 0, (141)
∂σ1Θ
A|σ1=0 = 0, ∂σ2ΘA|σ1=pi = 0, (142)
ψµ|σ1=0 = ψ˜µ|σ1=0, ψµ|σ1=pi = −ei2piνψ˜µ|σ1=pi, (143)
ρA|σ1=0 = ρ˜A|σ1=0, ρA|σ1=pi = −ei2piν ρ˜A|σ1=pi. (144)
The mode expansions for the ND directions are
Xµ = i
(
α′
2
) 1
2 ∑
r∈Z+ 1
2
αµr
r
(
z−r + z¯−r
)
, (145)
ΘA = i
(
α′
2
) 1
2 ∑
r∈Z+ 1
2
βAr
r
(
z−r + z¯−r
)
, (146)
ψµ(z) =
∑
r∈Z+ν
ψµr
zr
, ρA(z) =
∑
r∈Z+ν
ρAr
zr
. (147)
The mode expansions for the DD(NN) directions and those for the ND(DN) directions differ
in the power of expansions by one half. Also, the zero point energy is changed by 1
8
(νB−νF )
only in the NS sector. By use of these, we compute the amplitude F between one Dp|r-brane
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and one Dq|r˜-brane.
F =
∫ ∞
0
dτ
2τ
Tr e−2piτL0 =
∫ ∞
0
dτ
2τ
ZXΘZψρ (148)
Here the Virasoro generator L0 is
L0 = α
′(kαkα − iwawa) + y
2
4pi2α′
+
∑
n=Z+νˆ
(αµ−nαµn − iβA−nβAn)
+
∑
r∈Z+ν+νˆ
r(ψµ−rψµr − iρA−rρAr) + Lghost0 . (149)
The index νˆ means that νˆ = 1
2
for the ND(DN) directions and νˆ = 0 for the others. The
part of Xµ and ΘA is
ZXΘ = i(8pi
2α′τ)−
NNB
2
+
NNF
2 e−
y2τ
2piα′ f
−(µB−µF )
1 f
−(νB−νF )
4 . (150)
The part of ψµ and ρA is
Zψρ =
1
2
[
f
µB−µF
3 f
νB−νF
2 − fµB−µF4 δνB−νF ,0 − fµB−µF2 f νB−νF3 − f νB−νF4 δµB−µF ,0
]
. (151)
Here we define µB = DB − νB − 2 and µF = DF − νF . The functions fi for i = 1, 2, 3, 4 are
defined as
f1 = q
1
12
∞∏
n=1
(1− q2n), f2 =
√
2 q
1
12
∞∏
n=1
(1 + q2n), (152)
f3 = q
− 1
24
∞∏
n=1
(1 + q2n−1), f4 = q
− 1
24
∞∏
n=1
(1− q2n−1). (153)
After substituting these into (148), the amplitude is
F = i(8pi2α′)−
NNB
2
+
NNF
2
∫ ∞
0
dτ
τ
τ−
NNB−NNF
2 e−
y2τ
2piα′
×1
2
[(
f3
f1
)µB−µF (f2
f4
)νB−νF
−
(
f4
f1
)µB−µF
δνB−νF ,0
−
(
f2
f1
)µB−µF (f3
f4
)νB−νF
− δµB−µF ,0
]
. (154)
Here the last term exists only in the case that νB − νF = 8, because there are no fermionic
zero modes in the R(−1)F sector and this sector contributes [16]. The well-known abstruse
identity is
f 84 − f 83 − f 82 = 0. (155)
After using this abstruse identity, we can see that the amplitude F vanishes if νB−νF = 0, 4
and 8. Therefore we find the configurations of two D-branes which satisfy the BPS-like no-
force conditions.
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Next we consider the closed string channel. In order to construct the boundary states,
the following conditions are imposed.(
ψµ − iηSµνψ˜ν
)
|σ2=0|B, η〉 = 0, (156)(
ρA − iηSABρ˜B
) |σ2=0|B, η〉 = 0. (157)
Here we introduce the parameter η = ±1 on the boundary, σ2 = 0, and the parameter
η˜ = ±1 on the boundary, σ2 = pi. By use of the oscillators, these conditions are rewritten
as (
ψµr − iηSµνψ˜ν−r
)
|σ2=0|B, η〉 = 0, (158)(
ρAr − iηSABρ˜B−r
) |σ2=0|B, η〉 = 0. (159)
Also the conditions for the ghost parts are
(γr + iηγ˜−r) |σ2=0|B, η〉 = 0, (160)(
βr + iηβ˜−r
)
|σ2=0|B, η〉 = 0. (161)
The boundary states can be written as
|B〉 = Tp,r
2
|BX〉|BΘ〉(|B〉NS + |B〉R). (162)
In the NS-NS sector in the (−1,−1) picture, the boundary states are
|Bψ, η〉 = −i
∞∏
r= 1
2
(
eiηψ
µ
−rSµ
ν ψ˜ν−r
)
|0〉, (163)
|Bρ, η〉 =
∞∏
r= 1
2
(
eηρ
A
−rSA
B ρ˜B−r
)
|0〉, (164)
|Bghost, η〉 =
∞∏
r= 1
2
(
eiη(γ−r β˜−r−β−rγ˜−r)
)
|P = −1, P˜ = −1〉, (165)
where |P, P˜ 〉 is defined as follows [12].
γm|P, P˜ 〉 = 0 for m ≥ P + 3
2
,
βm|P, P˜ 〉 = 0 for m ≥ −P − 1
2
. (166)
Here γm and βm are the oscillators for the superghosts γ and β. Also, the conditions for γ˜
and β˜ are defined similarly. In the R-R sector in the (−1
2
,−3
2
) picture, the boundary states
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are
|Bψ, η〉 = −
∞∏
r=1
(
eiηψ
µ
−rSµ
ν ψ˜ν−r
)
|B(0)ψ , η〉, (167)
|Bρ, η〉 =
∞∏
r=1
(
eηρ
A
−rSA
B ρ˜B−r
)
|B(0)ρ , η〉, (168)
|Bghost, η〉 =
∞∏
r=1
(
eiη(γ−r β˜−r−β−rγ˜−r)
)
|B(0)ghost, η〉. (169)
The parts of the R-R zero modes are
|B(0), η〉 = |B(0)ψ , η〉|B(0)ρ , η〉|B(0)ghost, η〉, (170)
|B(0)ψ , η〉 =
(
CΓ0 · · ·Γp
(
1 + iηΓDB+1
1 + iη
))
AB˜
|A〉|B˜〉, (171)
|B(0)ρ , η〉 = i−
r
2
r
2∏
a=1
eηρ
2a−1
0
ρ˜2a
0
DF−r
2∏
s= r
2
+1
e−ηρ
2s−1
0
ρ˜2s
0 |0〉ρ, (172)
|B(0)ghost, η〉 = eiηγ0β˜0 |P = −
1
2
, P˜ = −3
2
〉. (173)
Here the ground state |0〉ρ is defined by
ρ2a−10 |0〉ρ = ρ˜2a0 |0〉ρ = ρ2s−10 |0〉ρ = ρ˜2s0 |0〉ρ = 0. (174)
The γ-matrices of SO(1, DB − 1) are represented as
Γi =
(
0 γi
γi 0
)
, (175)
ΓDB−1 = i−
DB−2
2
(
0 γ1 · · · γDB−2
γ1 · · · γDB−2 0
)
, (176)
Γ0 =
(
0 1
−1 0
)
, (177)
ΓDB+1 = i
−
DB−2
2 Γ0Γ1 · · ·ΓDB−1. (178)
Here γi is the γ-matrices of SO(DB − 2), where i = 1, 2, · · · , DB − 2 . The actions of the
Ramond oscillators ψµr and ψ˜
µ
r on the state |A〉|B˜〉 are given by
ψ
µ
0 |A〉|B˜〉 =
1√
2
(Γµ)AC(1)
B
D|C〉|D˜〉,
ψ˜
µ
0 |A〉|B˜〉 =
1√
2
(ΓDB+1)
A
C(Γ
µ)BD|C〉|D˜〉,
ψµr |A〉|B˜〉 = ψ˜µr |A〉|B˜〉 = 0 for r ≥ 1. (179)
It is easy to check that these boundary states satisfy the boundary conditions from (158)
24
to (161). The GSO projections for the NS-NS boundary states are given by
|B〉NS = 1 + (−1)
F+Fρ+G
2
1 + (−1)F˜+F˜ρ˜+G˜
2
|Bψ,+〉|Bρ,+〉|Bghost,+〉
=
1
2
[
|Bψ,+〉|Bρ,+〉|Bghost,+〉 − |Bψ,−〉|Bρ,−〉|Bghost,−〉
]
, (180)
where F , Fρ and G are
F =
∞∑
m= 1
2
ψ
µ
−mψµm − 1, (181)
Fρ = −i
∞∑
m= 1
2
ρA−mρAm, (182)
G = −
∞∑
m= 1
2
(γ−mβm + β−mγm), (183)
and F˜ , F˜ρ˜ and G˜ are defined similarly. The GSO projection for the R-R boundary states
are given by
|B〉R = 1 + (−1)
F+Fρ+G
2
1− (−1)DB−22 (−1)p(−1)F˜+F˜ρ˜+G˜
2
|Bψ,+〉|Bρ,+〉|Bghost,+〉
=
1
2
[
|Bψ,+〉|Bρ,+〉|Bghost,+〉 − (−1)p|Bψ,−〉|Bρ,−〉|Bghost,−〉
]
, (184)
where F , Fρ and G are defined by
(−1)F = i−DB−22 ψ00ψ10 · · ·ψDB−10 (−1)
∑
∞
m=1 ψ
µ
−mψµm−1 (185)
Fρ = i
DF
2∑
l=1
ρ2l0 ρ
2l−1
0 − i
∞∑
m=1
ρA−mρAm (186)
G = −γ0β0 −
∞∑
m=1
(γ−mβm + β−mγm) (187)
and F˜ , F˜ρ˜ and G˜ are defined similarly. Here p is an even number in type IIA and p is an
odd number in type IIB, when DB−2
2
is an even number. Also, p is an odd number in type
IIA and p is an even number in type IIB, when DB−2
2
is an odd number.
We compute the static interaction between one Dp|r-brane localized at x
i = 0 and one
Dq|r˜ brane localized at x
i = yi.
F = 〈B1|D|B2〉 = Tp,rTq,r˜
4
α′
4pi
∫
1≥|z|
d2z
|z|2 ZXZΘ(ZNS + ZR). (188)
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The parts of Xµ and ΘA are
ZX = i(2pi
2α′t)−
DDB
2 e−
y2
2piα′t
∞∏
n=1
(
1
1− |z|2n
)DB−νB ( 1
1 + |z|2n
)νB
, (189)
ZΘ = (2pi
2α′t)
DDF
2
∞∏
n=1
(1− |z|2n)DF−νF (1 + |z|2n)νF . (190)
In the NS-NS sector, ZNS is
ZNS =
1
4
NS〈B|zN z¯N˜ |B〉NS =
∑
η=±1
∑
η˜=±1
(−1) ηη˜−12 ZNSψ (η, η˜) ZNSρ (η, η˜) ZNSGhost(η, η˜). (191)
The part of ψ is
ZNSψ (η, η˜) = 〈Bψ, η˜|zN z¯N˜ |Bψ, η〉
= 〈0|

 ∞∏
s= 1
2
eiη˜ψ
µ
s Sµ
ν ψ˜νs

 zN z¯N˜

 ∞∏
r= 1
2
eiηψ
µ
−rSµ
ν ψ˜ν−r

 |0〉
=
∞∏
n=1
(
1 + ηη˜ |z|2n−1)DB−νB (1− ηη˜ |z|2n−1)νB . (192)
The part of ρ is
ZNSρ (η, η˜) = 〈Bρ, η˜|zN z¯N˜ |Bρ, η〉
= 〈0|

 ∞∏
s= 1
2
eη˜ρ
A
s SA
B ρ˜Bs

 zN z¯N˜

 ∞∏
r= 1
2
eηρ
A
−rSA
B ρ˜B−r

 |0〉
=
∞∏
n=1
(
1
1 + ηη˜ |z|2n−1
)DF−νF ( 1
1− ηη˜ |z|2n−1
)νF
. (193)
The ghost part is
ZNSGhost(η, η˜) = |z|−1
∞∏
n=1
(
1− |z|2n)2( 1
1 + ηη˜ |z|2n−1
)2
. (194)
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After substituting these parts into (188), the NS-NS amplitude is
ANS−NS =
Tp,rTq,r˜
4
α′
4pi
∫
1≥|z|
d2z
|z|2 ZXZΘZNS
=
Tp,rTq,r˜
8
(iα′pi)
∫ ∞
0
dt epit e−
y2
2piα′t (2pi2α′t)−
DDB
2
+
DDF
2
×1
2
∞∏
n=1
[(
1 + e−(2n−1)pit
1− e−2npit
)DB−DF−2−νB+νF (1− e−(2n−1)pit
1 + e−2npit
)νB−νF
−
(
1− e−(2n−1)pit
1− e−2npit
)DB−DF−2−νB+νF (1 + e−(2n−1)pit
1 + e−2npit
)νB−νF]
= K
∫ ∞
0
dt t−
DDB−DDF
2 e−
y2
2α′pit
×1
2
[(
f3
f1
)µB−µF (f4
f2
)νB−νF
−
(
f4
f1
)µB−µF (f3
f2
)νB−νF]
, (195)
where the coefficient K is
K =
Tp,rTq,r˜
8
(iα′pi)(2pi2α′)−
DDB
2
+
DDF
2 (
√
2)νB−νF
= i(8pi2α′)−
NNB
2
+
NNF
2 . (196)
Next, in the R-R sector, ZR is
ZR =
1
4
R〈B|zN z¯N˜ |B〉R =
∑
η=±1
∑
η˜=±1
[−(−1)p] 1−ηη˜2 ZRψ (η, η˜) ZRρ (η, η˜) ZRGhost(η, η˜). (197)
The part of ψ is
ZRψ (η, η˜) = |z|
DB
8 〈B(0)ψ , η˜|
(
∞∏
s=1
eiη˜ψ
µ
s Sµ
ν ψ˜νs
)
zN z¯N˜
(
∞∏
r=1
eiηψ
µ
−rSµ
ν ψ˜ν−r
)
|B(0)ψ , η〉
= |z|DB8
∞∏
n=1
(
1 + ηη˜|z|2n)DB−νB (1− ηη˜|z|2n)νB 〈B(0)ψ , η˜|B(0)ψ , η〉. (198)
The part of ρ is
ZRρ (η, η˜) = |z|−
DF
8 〈B(0)ρ , η˜|
(
∞∏
r=1
eη˜ρ
A
r SA
B ρ˜Br
)
zN z¯N˜
(
∞∏
r=1
eηρ
A
−rSA
B ρ˜B−r
)
|B(0)ρ , η〉
= |z|−DF8
(
1
1 + ηη˜|z|2n
)DF−νF ( 1
1− ηη˜|z|2n
)νF
〈B(0)ρ , η˜|B(0)ρ , η〉. (199)
The part of the ghost is
ZRGhost = |z|−
5
4
∞∏
n=1
(
1− |z|2n)2( 1
1 + ηη˜|z|2n
)2
〈B(0)ghost, η˜|B(0)ghost, η〉. (200)
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After substituting these parts into (197), the R-R amplitude is
AR−R =
Tp,rTq,r˜
4
α′
4pi
∫
1≥|z|
d2z
|z|2 ZXZΘZR
=
Tp,rTq,r˜
8
(iα′pi)
∫ ∞
0
dt e−
y2
2piα′t (2pi2α′t)−
DDB
2
+
DDF
2
×1
2
∞∏
n=1
[(
1 + e−2npit
1− e−2npit
)DB−DF−2−νB+νF (1− e−2npit
1 + e−2npit
)νB−νF
δηη˜,1
−(−1)p
(
1− e−2npit
1− e−2npit
)DB−DF−2−νB+νF (1 + e−2npit
1 + e−2npit
)νB−νF
δηη˜,−1
]
〈B(0), η˜|B(0), η〉
= K 2−
νB−νF
2
∫ ∞
0
dt t−
DDB−DDF
2 e−
y2
2α′pit
×1
2
[
δηη˜,1 2
−
µB−µF−νB+νF
2
(
f2
f1
)µB−µF
− (−1)pδηη˜,−1
]
〈B(0), η˜|B(0), η〉. (201)
Here the part of zero mode is computed by use of the regularization [13];
〈B(0), η˜|B(0), η〉 = lim
x→1
〈B(0)ψ , η˜|x2F |B(0)ψ , η〉 〈B(0)ρ , η˜|x2Fρ|B(0)ρ , η〉 〈B(0)ghost, η˜|x2G|B(0)ghost, η〉
= lim
x→1
x−
DB
2 i
νB−νF
2
[
−δηη˜,1
(
x+
1
x
)DB−νB
2
(
x− 1
x
) νB
2
+(−1)pδηη˜,−1
(
x− 1
x
)DB−νB
2
(
x+
1
x
) νB
2
]
×
(
x2
x2 + ηη˜
)DF−νF
2
(
x2
x2 − ηη˜
) νF
2 1
1 + ηη˜ x2
= −16 δνB−νF ,0 δηη˜,1 + 16(−1)p δνB−νF ,8 δηη˜,−1, (202)
where 0 ≤ νB − νF ≤ 8. The result is
AR−R = K
∫ ∞
0
dt t−
DDB−DDF
2 e−
y2
2α′pit
×1
2
[
−
(
f2
f1
)µB−µF
δνB−νF ,0 − δνB−νF ,8
]
. (203)
After summing up the NS-NS part (195) and the R-R part (203), we can see that the total
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amplitude is
A = ANS−NS + AR−R
= K
∫ ∞
0
dt t−
DDB−DDF
2 e−
y2
2α′pit
×1
2
[(
f3
f1
)µB−µF (f4
f2
)νB−νF
−
(
f4
f1
)µB−µF (f3
f2
)νB−νF
−
(
f2
f1
)µB−µF
δνB−νF ,0 − δνB−νF ,8
]
. (204)
Also, these functions fi have the well-known properties
f1(e
−pi
t ) =
√
tf1(e
−pit), (205)
f2(e
−pi
t ) = f4(e
−pit), (206)
f3(e
−pi
t ) = f3(e
−pit). (207)
It is easy to see that each term of (154) is related to each term of (204) from these properties
of fi. In conclusion, the amplitude in the closed string channel is completely the same as
that in the open string channel. Thus, we show that there is no net force between two
D-branes if νB − νF = 0, 4 and 8.
5 Conclusion and Discussion
In this paper, we have discussed bosonic string theories, RNS string theories and heterotic
string theories on flat supermanifolds. We have shown that the central charges vanish for
bosonic string theories on supermanifolds and they are modular invariant. Furthermore,
we have constructed type II, type 0, type I string theories and heterotic string theories
on supermanifolds. In the RNS string theories on supermanifolds, the fields ρA have been
treated as the βγ superghosts with the weights (1
2
, 1
2
). We have shown that the one-loop
vacuum amplitudes of type II, type I string theories and heterotic string theories are exactly
zero . This may imply the existence of supersymmetry on supermanifolds. A surprising point
is that the spinor representation for the supergroup is an infinite dimensional representation.
It would be interesting to study supersymmetry on supermanifolds more. It would also be
important to study the field theory on supermanifolds to check anomaly cancellations. It
would also be interesting to find the relation between supersymmetry on supermanifolds
and other physical theories such as the noncommutative geometry, which is related to the
Heisenberg algebra as the commutators of the coordinates.
Although twistor string theory is non-unitary [2], it has given a new important viewpoint
about the amplitudes of Yang-Mills theory in 4 dimensional space. Similarly in the case of
the string theories on supermanifolds discussed in this paper, it would also be interesting to
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study how to restore the unitarity by using the property of string theory such as tachyons
and orbifolding. Here we naively discuss one possibility to obtain the relation between the
bosonic string theories on supermanifolds and well-known unitary theories. In the case of
bosonic string theories on supermanifolds, the effective field theories on target spaces are the
Yang-Mills theory and the Einstein gravity theory on supermanifolds. Long time ago, the
Einstein gravity theory on supermanifolds was studied as a candidate for the supergravity
theory by Arnowitt and Nath [15]. Also, they tried to find the relation between the Einstein
gravity theory on supermanifolds and the well-known supergravity theory. The well-known
supergravity theory is the gravity theory on superspace. But it is still unclear to understand
the relation between the gravity theory on a supermanifold and that on a superspace. Here
we discuss the difference between supermanifolds and superspaces. The group acting on a
flat supermanifold is the Poincare group whose labels run over both bosonic and fermionic
coordinates. Also, the group acting on a superspace is the supergroup whose algebra in-
cludes supersymmetric charges. These groups are actually different from each other, but
we can see that the Poincare algebra “includes” the supersymmetric algebra after using the
twisting and the Ino¨nu-Wigner contraction [18]. The twisting can be used to convert the
labels of the fermionic coordinates to the spinor indices in a Minkowski space. If we under-
stand the relation between supermanifolds and superspaces more clearly, we expect to be
able to know the relation between string theories on supermanifolds and string theories on
superspaces. The string theory on superspace is the well-known Green-Schwarz superstring
theory, which has the κ symmetry [19]. In the case of the Green-Schwarz superstring the-
ory, the κ symmetry is used to truncate negative norm states. Thus, it would be interesting
to find the relation between the bosonic string theories on supermanifolds and the Green-
Schwarz superstring theories clearly in order to restore the unitarity. Also, the development
of the hybrid and pure spinor formalisms by Berkovits would be important to know how to
extract the physical unitary theories from these string theories on supermanifolds [20].
As mentioned in introduction, it is well-known that the partition functions of the topo-
logical string theories on bosonic manifolds are equivalent to the topological amplitudes of
the type II superstring theory. Also, topological string theories on supermanifolds have been
studied. Therefore, it would be very interesting to check whether the type II string theories
on supermanifolds are related to topological string theories on supermanifolds.
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